Motivated by a problem in computer graphic we develop discrete models of continuous n-dimensional spaces by using molecular spaces and graphs. We study a family of induced subgraphs of a given graph and find the conditions when the intersection graph of this family is homotopic to the given graph. We show that for a given surface and for all proper covers of this surface their intersection graphs are homotopic, can be transformed from one to the other by contractible transformations and have the same Euler characteristic and homology groups. As an example, we consider discrete two-dimensional closed spaces that are digital counterparts of a two-dimensional sphere, a torus, a projective plane and a Klein bottle.
Introduction
Frequently the data produced in scientific computer applications are digital images of two and more dimensional surfaces. These images arise in computer graphics, scientific visualization, pattern analysis, object modeling, detection of dynamically moving surfaces, representation of microscopic cross-sections, etc.
Traditionally an image is considered as a graph whose edges between vertices define the nearness and the connectivity in the neighborhood of any vertex. In this approach the first version of the Jordan curve theorem was proved by Rosenfeld [12, 13] who used the graph theoretical model of the digital plane. This model does not utilize a topological basis and requires different nearness for the curve and its background. The paper [9] reviews the fundamental concepts of this approach, surveys the major theoretical results in this field and contains the bibliography of almost 140 references.
Another approach to finite topology is offered by Kovalevsky [11] . He remarks the difficulties in the attempts to develop an appropriate digital topology by means of graphs relating to the connectivity paradox and some topology by means of graphs relating to the connectivity paradox and some other contradictions. In order to overcome these problems he builds the digital space as a structure consisting of 0012-365X/95/$09.50 © 1995--Elsevier Science B.V. All rights reserved SSDI 0012-365X(94)00230-4 elements of different dimensions by using a such well-known in topology element as a cellular complex.
An alternative topological approach to the digital topology uses the notion of a connected topology on a totally ordered set 7/of integers [6] [7] [8] 10] . The digital plane 7/x Z or the three-dimensional digital space 77 × Z x 7/are the topological products of two or three such spaces, respectively. Using this construction the Jordan curve theorem in two dimensions and three dimensions was proven.
One more approach to a combinatorial model of space and spacetime is studied in work [14] by Sorkin. He replaces general topological spaces by a finite ordered ones and describes how to associate a finite space, with any locally finite covering of a topological space. He also presents some examples of posets derived from simple spaces.
Our approach to digital images is based on using molecular spaces and its intersection graphs [1, [3] [4] [5] . In this paper we begin with the short description of contractible transformations of graphs. Then we shall show that the intersection graph of an appropriate cover of a given graph by its subgraphs has the same topological characteristics as the given graph itself and can be transformed to the given graph by contractible transformations.
Next we define complete covers of a surface and show that intersection graphs of complete covers are homotopic to each other.
Finally we describe discrete two-dimensional models of a sphere, a torus, a projective plane and a Klein bottle.
Since we use only induced subgraphs, we shall use the word subgraph for an induced subgraph. For any terminology used but not defined here, see [2] .
Contractible transformations of graphs and homotopic graphs
In [4] we introduced contractible transformations of graphs, based on four operations.
Let G, GI and v be a graph, its subgraph and its vertex. The subgraph B(G~ ) containing G~ is called the ball of G~ if any vertex of B(GI) is adjacent to at least one vertex of G~.
The subgraph B(G~ ) without vertices of Ga is called the rim of G1 and it is denoted
Obviously B(GI) -G1 = O(G1).
If G~ is a vertex v then B(v) and O(v) The following theorem was proven in [4] .
Theorem A. The cone vG of a graph G is contractible.
Contractible continuous and regular sets of subgraphs
Let G and F = (G1, G2, ..., Gn) be a graph and a family of its nonempty subgraphs.
Definition.
The family F will be called contractible if the intersection of any number of its subgraphs is either an empty or a contractible subgraph of G.
Gi, n Gi~ n ... n Gik = 0 or contractible.
It follows from the definition that any subgraph of F is contractible. Proof. (i) For graphs with a small number of vertices the theorem is checked directly.
(ii) Assume that the theorem is valid for all graphs with number k of vertices less than n, k < n. Let G has n vertices. Glue vertices and dl and d2 to G in such a way that F1 = (al,a2 ..... a,) and F2 = (bl,b2 ..... b,,) of X. Consider new cover F3 = (al,a2,...,a,,bt,b2,...,bm) and the intersection graphs  G(F1), G(F2) and G(F3). If G(F2)is a complete cover of G(F1 ), then G(F1) and G(F2) are homotopic. In this sense we can regard F~ and F2 as equivalent covers and G(F~) and G(F2) as equivalent discrete models of X.
We close this section by formulating the above consideration in the form of the theorem. 
.. b,,) is a complete family of sets. 2. For any H = hi, ~ bi~ c~ ... ~ bik 4:0 the intersection graph G(F(H)) of family F(H) = (H c~ al, H n a2, ..., H ~ a,) is contractible. 3. For any as and ak,, ak2, ..., akr, as c~ ak, ~ 0 i = 1,2 .... , r there exists bp such that as ~ ak~ k3 ak2 k..) ''' k...2 akr c bp.

Then the intersection graphs G(FI) and G(F2) of these two families are homotopic.
A molecular space and a basic discrete space of a set in E n. Complete cover of a set in E"
In order to make this paper self-contained we shall summarize the necessary results from our previous papers [3] . Let E ~ be infinite-dimensional Euclidean space. Take the coordinates of a point x, x e E ~, as a sequence of real numbers x=(xl,x2 .... ,x ..... )=[xi], ieN.
We define cube K e E ~° in the following way: each x, x e K, has coordinates xl satisfying the conditions
lo.ni<~xi<~lo.(ni+ 1), i~N, hi--integer.
Therefore, K is an infinite-dimensional cube with/o-edges. In previous papers K is called a kirpich. We will use this name in the present paper. The position of K in E ~ is determined by the left vertex coordinates. For the given kirpich we have 
(M).
It was shown earlier that any graph G can be represented by a molecular space M(G), such that G = G (M(G) ). Clearly, more than one M(G) can be built for the graph G. There exists isomorphism between any two M(G).
In fact we shall always use a finite-dimensional Euclidean space. The intuitive background for using the infinite-dimensional cube is the attempt to create some universal element not depending on the dimension and suitable for describing elements of different dimensions: zero-dimensional points, one-dimensional lines, twodimensional surfaces and so on. Definition. The family F will be called regular if there exists e > 0 such that for any point p, p e B = A~ u A2 u ..-u An and for any kirpich K of center p with side length lo < e there is As such that K n B _ As.
Definition. Let A and F = (A~, A2 ..... A.) be a set in E" and a contractible, continuous and regular family of sets. IfF is a cover of A, A = A~ w A2 w .,-w A., then F is called a complete cover of A.
6. Connection between a basic discrete space and the intersection graph of a complete cover of set A Our aim in this section is to show the connection between complete covers of a set A imbedded in E". This connection presents a discrete interpretation of a set A in the form of a graph and shows that all graphs representing A have the same background, one can be turned into the other by contractible transformations, that retain the Euler characteristic and the homology groups of a graph. To this end we are formulating the following theorem. Proof. (i) Since family F is contractible, continuous and finite then there exists 6 > 0 such that for any lo < 6 the basic discrete space of any element of F and of any nonempty intersection of elements of F is a contractible graph.
(ii) Besides F is a complete cover. That stands for that for lo < e, any point p, and any kirpich K of center p with the edge Io, the intersection of K with A belongs to some of Ai, K ~ A ~ A~. Choose lo < 69 < min(~/8,3). It guarantees that any K n A and the intersection of A with all adjacent to K kirpiches belongs to some Ai.
(iii) Consider the molecular space M(A) of A, its intersection graph G(M(A)) (which is the basic discrete space of A), the intersection graph G(F) of F and basic discrete spaces G(M(Ai)) of sets A~.
By (i) family H = G(A1), G(A2) ..... G(A,)) is contractible and continuous. By (ii) the ball of any vertex of G(M(A)) belongs to at least one of G(M(A~)).
Therefore, H is a complete cover of graph G(M(A)). Hence, by Theorem 3, G(M(A)) is homotopic to the intersection graph of H that is obviously G(F). That completes the proof. []
7
. Discrete two-dimensional normal spaces for the sphere, the torus, the projective plane and the Klein bottle
In this section we will use some theorems proven in the previous sections to describe discrete models of the simplest two-dimensional continuous closed spaces.
Any of the surfaces A mentioned above can be obtained from the unit square 12 by appropriate identifying of its sides.
Let us use two-dimensional space E 2 and a family nonsingular rectangles with sides parallel to the coordinate axes. The advantage of using the plane is visualization, the preference in utilizing rectangles is that they naturally form a contractible and continuous family of sets. between elements of a family, Therefore, for any family F = (A1,A 2 (i) any point of A belongs to not more than three rectangles.
(ii) F is a complete cover of A. It guarantees that any vertex of G(F) is two-dimensional that is that the rim of any vertex is a circle with more than three vertices [1] . Therefore, G(F) is a normal two-dimensional space. 2. Partition I 2 into a family M(A) of small identical squares in such a way that after turning 12 into A the ball of any square entirely belongs to at least one of rectangles.
By construction G(F) is a cover graph of G(M(A))
, and, therefore, they are homotopic.
Hence, all complete covers graphs G(F) of A satisfying conditions 1 and 2 are two-dimensional discrete models of A with the identical Euler characteristics and homology groups.
Regard now different examples. Although, we use a tiling, it is obvious that the tiling meets the Remark 2. Sphere S 2. S 2 can be considered as a quotient space of 12 obtained by identifying sides according to the Fig. 5(a) . Divide 12 into a family F of rectangles in such a way that after identifying F is a complete cover of S 2 ( Fig. 5(b) ). The intersection graph G(F) of F is a normal two-dimensional discrete sphere S 2 ( Fig. 5(c) ). It was shown in [5] that it is S 2 with the smallest number of vertices.
Torus T 2. T 2 can be considered as a quotient space of 12 obtained by identifying sides according to the Fig. 6(a) . Divide 12 into a family F of rectangles in such a way that after identifying F is a complete cover of T 2 ( Fig. 6(b) ). In this picture the rectangle indicated by letter A is divided into four parts, rectangles with numbers 1, 2, 3, 4, 5 and 6 are divided into two parts. The intersection graph G(F) of F is a normal two-dimensional discrete torus T 2 ( Fig. 6(c) ).
Projective plane P 2. p2 can be considered as a quotient space of 12 obtained by identifying sides according to the Fig. 7(a) . Divide/2 into a family F of rectangles in such a way that after identifying F is a complete cover ofP 2 ( Fig. 7(b) ). In this picture rectangles with numbers 1, 2, 3 and 4 are divided into two parts. The intersection graph G(F) of F is a normal two-dimensional discrete projective plane p2 (Fig. 7(c) ). Another discrete model of p2 obtained in [5] is depicted if Fig. 7(d) .
Klein bottle B 2. B 2 can be considered as a quotient space of 12 obtained by identifying sides according to the Fig. 8(a) . Divide/2 into a family F of rectangles in such a way that after identifying F is a complete cover of 8 2 ( Fig. 8(b) ). In this picture the rectangle indicated by letter A is divided into four parts, rectangles with numbers 1, 2, 3, 4, 5 and 6 are divided in;o two parts. The intersection graph G(F) of F is a normal two-dimensional discrete Klein bottle B 2 ( Fig. 8(c) ).
